Giri and Wazalwar evolved concepts of prime ideal and prime radical in noncommutative semigroups. A hemiring is a ring without subtraction (additive inverse), may not have commutativity and identity. A hemiring with identity is called a semiring. It is well known that a hemiring can be embedded in a semiring. We will use this fact to develop proofs of some results on prime radical in a hemiring.
Introduction:
Zariski et-al [5] and McCoy [3] have propagated the theory of prime radical in commutative and non-commutative rings respectively. Satyanarayana [4] evolved the notion of prime radical in commutative semigroups. Later Giri and Wazalwar [1] developed some results on prime ideal and prime radical in non-commutative semigroups.
In this paper we develop certain results on prime radical theory of hemirings.
Definitions and Examples:
2.1 Definition : A non-empty set H with two binary operations +, · called addition and multiplication respectively, is a hemiring if i (H, +) is a commutative monoid with identity element 0 ii (H, ·) is a semigroup iii Multiplication distributes over addition from either side. iv 0.a = a.0 = 0 for all a ∈ H
Definition:
A hemiring H with multiplicative identity 1 (1 = 0) is called a semiring.
Example:
Let A = N − {1} , N is the set of all non-negative integers and let H = {M 2 (A); where M 2 (A) is set of all matrices of order 2 defined over A} Now (H, +, ·), where + and · denote addition and multiplication of matrices, is a hemiring, whereas (S, +, ·), with S = M 2 (N), is a semiring.
Definition: A left ideal (right ideal) I of a hemiring H is a non-empty subset of H satisfying the following conditions: i If a, b ∈ I, then a + b ∈ I ii If a ∈ I and h ∈ H, then ha ∈ H(ah ∈ H)
iii I = H If I is both a left ideal and a right ideal, then it is called an ideal of H. (H, +, ·) is a hemiring. I 1 = {φ, {a}} is a left ideal but not right ideal. I 2 = {φ} is an only ideal of a hemiring H.
Definition: An ideal I of a hemiring H is called semisubtrative if and only if h ∈ I ∩ V (H), with V (H) = {h ∈ H|h + h = 0 for some h ∈ H} implies h ∈ I ∩ V (H).
That is I is semisubtractive if and only if every element of I has additive inverse.
Definition:
An ideal I of a hemiring H is subtractive if whenever a, a + b ∈ I, b ∈ H, we have b ∈ I.
An ideal I of a hemiring H is strongly subtractive if and only if a + b ∈ I implies that a ∈ I and b ∈ I.
2.9 Remark: Every strongly subtractive ideal is subtractive and every subtractive ideal is semisubtractive.
Example:
The set H = N −{1}, with usual operations of addition and multiplication of integers is a hemiring. The set I = 3N is a subtractive ideal of H. It is not strongly subtractive since 5 + 4 = 9 ∈ 3N but neither 4 nor 5 belongs to 3N . 
17 Definition: A principal ideal generated by a, denoted by (a), is defined as
18 Definition: A subset T in a hemiring H is called a multiplicative system if for x, y, ∈ T implies x.y ∈ T i.e. (T, ·) is a subsemigroup of (H, ·).
2.19
Definition : A set M of elements of a hemiring H is said to be an m-system if and only if it has the property that for a, b ∈ M, then there exist x ∈ H such that axb ∈ M.
Definition:
A non empty subset A of a hemiring H is a p-system if and only if a ∈ A implies that there exists an element h ∈ H such that aha ∈ A 2.21 Definition: A non-empty subset A of a hemiring H is an i-system if and only if for a, b ∈ A implies that (a) ∩ (b) ∩ A = φ 2.22 Remark: Every multiplicative system is an m-system and every msystem is a p-system. Further every p-system is an i-system but not conversely.
Counter Example:
Let (H, +, ·) be a hemiring. Consider M = {h 2n |h ∈ H, n ∈ N} it is easy to verify that set M is an m-system in H but not a multiplicative system since h 2 and h
2.24 Counter Example : Let M = {z, a, b}. On M, we define operation * as follows:
On H, we define operations + and · as follows:
Clearly A is a p-system but not an m-system.
Counter Example
Let e ij = be a matrix units with (i, j) entry 1 and 0 elsewhere. 
Definition:
A hemiring H is said to be mulitplicatively regular if for any a ∈ H, there exists b ∈ H such that a = aba.
Prime Ideals of a Hemiring:
In this section we prove some results on prime ideals of a hemiring.
Proposition:
If P is an ideal in a hemiring H, then the following conditions are equivalent: 1. P is a prime ideal 2. aHb ⊆ P if and only if a ∈ P or b ∈ P 3. If (a)(b) ⊆ P , then a ∈ P or b ∈ P 4. If A and B are right ideals in H such that AB ⊆ P , then either
Let aHb ⊆ P . This yields HaHbH ⊆ HP H ⊆ P since P is an ideal. Now HaH.HbH ⊆ HaHbH ⊆ P . Since HaH and HbH are ideals of H and P is prime, So, by (5) either A ⊆ P or B ⊆ P . Therefore P is a prime ideal.
3.2 Corollary : If a and b are elements of a hemiring H with identity, then the following conditions on a prime ideal P of H are equivalent.
i If ab ∈ P , then a ∈ P or b ∈ P ii If ab ∈ P , then ba ∈ P Proof : The proof is straight forward.
3.3 Corollary: An ideal P of a commutative hemiring H with identity is prime if any only if ab ∈ P implies that a ∈ P or b ∈ P for all a, b ∈ H. Proof: The proof is straight forward.
3. 
Semiprime Ideal of a Hemiring:
In this section we prove some results on semiprime ideals of a hemiring.
Proposition :
If Q is an ideal in a hemiring H, then the following conditions are equivalent:
The proof is similar to that of Proposition 3. A is p-system if and only if it is union of m-systems. Proof: Let {M i |i ∈ Ω} be a family of m-system, such that A = U M i . We prove that A is a p-system. Let a ∈ A then a ∈ M i for some i ∈ Ω. But M i is a m-system and hence it is a p-system. So there exists h ∈ H such that aha ∈ M i for some i ∈ Ω. Therefore aha ∈ A. Hence A is a p-system. Conversely, let A be a p-system of elements of H. Let a 0 ∈ A, then there exists h 0 ∈ H such that a 1 = a 0 h 0 a 0 ∈ A. Continuing in this way we get a set B = {a 0 , a 1 , a 2 , . . . } a subset of A such that A = B. Now we show that B is an m-system.
This implies that B is an m-system. Thus we have proved that A is union of m-systems.
Corollary:
If A is a p-system in a hemiring H and a ∈ A, then there exists an m-system B in H such that a ∈ B and B ⊆ A. Proof: Since A is a p-system containing a, by Proposition 4.4, there exists an m-system B containing a such that B ⊆ A. 
Proposition
Thus A is the intersection of all prime ideals that contain A. 
Remark:
If A is an ideal of a commutative hemiring H, then √ A = {h ∈ A|h n ∈ A, for some positive integer n}. Also xhy ∈ AB. Therefore M(a)∩AB = φ . Since m-system containing a meets in AB, a ∈ √ AB.
Proposition
(1) A ⊆ B implies that √ A ⊆ √ B (2) √ AB = √ A ∩ B = √ A ∩ √ B (3) √ A = √ A (4) √ A + B = √ A + √ B Proof: (1) Let a ∈ √ A. Then for every m-system M(a) containing a, M(a) ∩ A = φ But A ⊆ B implies that φ = M(a) ∩ A ⊆ M(a) ∩ B So, every m-system containing a also meets B. Therefore a ∈ √ B (2) AB ⊆ A, AB ⊆ B. This implies that AB ⊆ A ∩ B So by (1), √ AB ⊆ √ A ∩ B . . . (i) Now A ∩ B ⊆ A, A ∩ B ⊆ B, So by (1), √ A ∩ B ⊆ √ A and √ A ∩ B ⊆ √ B. Therefore √ A ∩ B ⊆ √ A ∩ √ B . . . (ii) Thus by (i) and (ii), √ AB ⊆ √ A ∩ B ⊆ √ A ∩ √ B. Now we show that √ A ∩ √ B ⊆ √ AB Let a ∈ √ A ∩ √ B iTherefore √ A ∩ √ B ⊆ √ AB So, √ AB = √ A ∩ B = √ A ∩ √ B (3) By proposition 5.3 √ A ⊆ √ A . . . . . . (i) To show that √ A ⊆ √ A If a ∈ √ A, then every m-system containing a meets √ A i.e. M(a) ∩ √ A = φ. Let b ∈ M(a) ∩ √ A. This implies that every m-system containing b meets A. But M(a) is an m-system containing b. Therefore M(a) ∩ A = φ i.e. a ∈ √ A So, √ A ⊆ √ A . . . . . . (ii) Hence by (i) and (ii), √ A = √ A (4) We have A ⊆ √ A and B ⊆ √ B hence A + B ⊆ √ A + √ B By (1), √ A + B ⊆ √ A + √ B . . . . . . (i) Now A ⊆ A + B, B ⊆ A + B. So, √ A ⊆ √ A + B and √ B ⊆ √ A + B √ A + √ B ⊆ √ A + B. By (1), √ A + √ B ⊆ √ A + B = √ A + B . . .
. . . (ii) Now by (i) and (ii),
√ A + B = √ A + √ B
Proposition:
If P is a prime ideal of a hemiring H,
Then every m-system containing a meets P . Assume that a / ∈ P . Then a ∈ H − P . Since P is a prime ideal of H, H − P is an m-system by Corollary 3.5. Thus we have an msystem containing a which does not intersect P . Therefore a / ∈ √ P , a contradiction. Hence a ∈ P . Therefore √ P ⊆ P . . . . . . (ii) Hence by (i) and (ii), P = √ P 5.6 Corollary: If P is a prime ideal of hemiring H, then √ P n = P , for all positive integer n. Proof: If P is a prime ideal of H, then by Proposition 5.5, √ P = P i.e. statement is true for n = 1 Now assume that
Proposition : An ideal A in a hemiring H is semiprime if and only if
The proof is similar to that of Proposition 5.5
Proposition :
If A is an ideal in a hemiring H, then √ A is the intersection of all prime ideals in H that contain A. Proof: We show that √ A = i∈Ω P i , P i is a prime ideal containing A.
Thus T is a non-empty set of ideals. By Zorn's Lemma T contains a maximal element P. Now a ∈ M(a), this implies that a / ∈ P . Now we show that P is a prime ideal. Let a, b ∈ H such that a / ∈ P and b / ∈ P . Now we show that SaS.SbS ⊆ P where S = H ∪ {1} , P ⊂ P ∪ SaS and P ⊂ P ∪ SbS . But P is a maximal elements of T such that
Thus we have shown that P is a prime ideal containing A which does not contain a. This contradicts that a is an element of all prime ideals containing A. So, a ∈ √ A i.e.
Thus by (i) and (ii), 
√ A is the smallest semiprime ideal that contains A.
5.10 Proposition: Let A be an ideal of a commutative hemiring H satisfying the condition that √ A is finitely generated. Then there exists a positive integer n such that (
where summation is taken over k tuples (m 1 , m 2 , . . . , m k ) such that
Primary Ideals and Strongly Irreducible Ideals:
In this section we prove some important results on primary ideals and strongly irreducible ideals of a hemiring. 
